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ABSTRACT
Increasing attention is paid in many countries to the possibility
of extracting power from ocean surface waves. A particular device con-
sisting of trains of floating rafts hinged together 0HAGEN-COCKERELL
rafts) is being tested experimentally in Great Britain, and this thesis
evaluates its two-dimensional behavior and possibilities.
After a hydrodynamic study using shallow water assumptions, an
optimization method is described and the behavior of optimal trains
of three to six rafts is forecasted, for six different objective func-
tions. A hybrid element method is then used to assess the influence
of the water depth on the behavior of the trains, which is found to be
small.
Encouraging results are found both in the efficiency response
curves and in the hydrodynamics characteristics of the device. More
detailed studies on th-e three-dimensional problem and the conversion of
mechanical energy to electricity seem worthwhile.
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INTRODUCTION
The general search for diversified sources of energy originates from
the simple fact that burning oil is using a limited amount of chemically
stored solar energy. But at the same time we still receive a tremendous
amount of radiated energy from the sun which produces the meteorological
phenomena, and is reflected or wasted in friction, heat.
Today more and more attempts are made to harness these secondary
energies, from hydroelectric plants to wind mills, from solar cells to
huge thermoconverters using the temperature difference between the sur-
face and the bottom of the oceans.
Increasing attention is paid to one of the most obvious forms of
energy stored in oceans: the waves.
Waves are generally created by storms over the seas, and thus rep-
resent a lower form of energy than the wind. But their interest is that
they store this energy in a rather thin layer near the surface of the
seas, and this energy can travel over long distances without significant
losses.
Hence, devices producing power from waves are extracting energy
collected over the whole surface of the oceans and carried hydrodynamically
to the shores.
The wave power arriving on some coasts can be significant. For
example, long storm waves store up to 90 kw per meter of crest wave, and
common (5-10 s) 2m amplitude waves carry 16 kw per meter, See ref. [11E]
for more details.
We are now faced with the problem of extracting this energy, instead
of reflecting or dissipating it as we usually do with breakwaters. Many
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devices have already been discovered (see ref. [liH]) and it appears that
in any case their size must be at least of the order of an important
fraction of the wave length. This is because energy is stored both in
kinetic and potential form in waves, and the main part of the kinetic
energy lies in a surface layer which thickness is of the order of a frac-
tion of the wave length.
It is thus possible to foresee that any of these structures will be
subjected to huge hydrodynamic forces, thus requiring a high design strength
which leads to prohibitive production costs. It appears then that flexible
floating bodies will be easier to design and more cost-efficient than
other devices using a fixed axis of rotation: Salter's cam, for example,
Sir Cockerell in 1974 designed a structure consisting of a series
of rafts hinged together on which pumps, activated by the relative angular
motion of the different rafts, absorbed energy Cref. [lJ] and [13 ]). The
waves are damped as they travel under the rafts, and the power
extracted is a function of the angular displacements and extraction rate
at the hinges. But such a device has a high number of parameters, and a
model testing study can be very long and frustrating.
Therefore, the goal of this thesis is to study the relevant para-
meters of such a train of rafts and to give as much information as possible
on the best way to achieve a maximum efficiency over the broadest range of
incoming wave frequencies.
Two different methods will be used in this approach. In a first
part, the assumptions of the linearized long waves theory are made, and
the equations of motions of hinged bodies are deduced. These equations are
solved analytically for a single raft hinged on a rigid wall, numerically
for a general freely floating series of rafts. The relevant parameters
are optimized for the last case, to deduce general properties of the
behavior of the device.
In a second part, a hybrid element method is used to compute the
behavior of the rafts in the case of finite depth. The goal, on this
rather expensive (in computer time) solution, is to assess the effects of
water depth in contrast with the shallow water theory.
The last part of the thesis summarizes the results that have been
obtained and tries to suggest the range of the further investigations that
would be necessary to assist actual design and application.
General Assumptions
Potential Flow:
We assume inviscid fluid motion, neglecting shear friction and dissi-
pation of energy by eddy viscosity.
These assumptions are justified if the rafts are ''smooth enough."
and "large enough". "Smooth enough" means that a good design would avoid
very sharp angles, develop a kind of "non-turbulent" hinges (Fig. 1).
"Large enough" means that if the rafts are very, large, the flow separation
effects are negligible and the flow can be considered as potential
almost everywhere.
Two-Dimensional Problem:
We shall only treat the two-dimensional problem to obtain more
quickly and cheaply general features of the behavior of the device. This
assumption is valid for wide rafts: width greater -than a wave length.
-- D
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However, the study of thin parallel rafts would be very intersting, in a
general three-dimensional formulation. It seems possible to expect some
"antenna effects": the total energy captured would be higher than the sum
of the incident energies on the various rafts width.
Linearized Wave Theory:
We shall consider only plane progressive waves in a linearized
theory. It is obvious that the assumptions might break down for storm
waves and that nonlinear effects might cause higher forces on the front of
the first raft, for example. However, we believe that useful information
can be deduced from this simple th.eory, and that no other theory would
bring enough additional information to justify its added complexity
before all investigations in linearized theory are performed.
Linear Energy Extraction:
The behavior of the pumps is supposed to lead to velocity damping
only, the resisting moment at each hinge due to the pumps being M =
-c( - ) where (; - 5 ) is the relative angular velocity of rafts
n n n-1 n n-1
n and n-l and i is the extraction rate at the hinge between rafts n and
n
n-1.
This damping could be achieved by pistons moving in circularly bent
pipes, for example.
Since we are only interested in the hydrodynamic efficiency, friction
is neglected. It should be taken into account together with the actual
efficiency of the pumps to compute the energy that such a device could
produce. The figures we shall give must be taken as theoretical maxima,
but their range (over 90% in many cases) seems to justify a thorough cost-
benefit analysis.
I. ONE RAFT HINGED ON A WALL: LINEARIZED LONG WAVES THEORY
We shall begin our study by the simplest possible device: a single
raft hinged on a wall. The use of such a device as a wave damper was
mentioned in Stoker (ref. [ 8 ]). However, the purpose of this chapter is
more to introduce the reader to the governing equations, their nondimen-
sionalization and the properties of hinged floating bodies rather than to
give a thorough evaluation of a practical energy producing engine.
t.(a) Governing Equations of Motion
The raft is hinged at a fixed point (X = L, Y = 0) on a rigid,
impervious wall (Fig. 2). The depth H is constant and small compared to
the length L: H/L << 1. Moreover, we shall consider only a unit width of
raft in our 2-D equations, although the total width of the raft must be
large enough to ensure the 2-D conditions CW/L > 0(1)).
I.a.1 Outside the Raft
We use the well known linearized shallow water equations of fluid
motion in two dimensions:
n L- 1 with Q = K ygHXX g 'TT
This equation can be found in ref. [ 8 ], [ 3 ] or [12 ]. It can be de-
rived from the fundamental equations in two different ways.
Either we assume a hydrostatic pressure distribution throughout the
depth, that is to say P=Qg( n-Y) and this is used to simplify the general
linearized equations based on the assumptions of small amplitude waves; or
we take the first approximation of the fundamental equations in the shallow
water expansion introduced by Friedrichs (1948), and we linearize with the
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Fig. 2 2D Problem
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small amplitude assumption.
Both methods are well known and discussed in the references given
above. We shall focus our attention on the physical significance of the
assumptions made:
The fact that the pressure is hydrostatic in the equations means
that we have neglected the vertical acceleration compared to the horizontal
one. Because the flow is assumed to be irrotational and horizontal, we can
only consider motions where the fluid velocity is constant throughout the
depth, i.e., c is not a function of Y.
We must therefore be aware that our model is only a schematic
representation of actual fluid motion, and that its ability to represent
correctly physical phenomena is linked with the validity of our assumptions:
shallow water - the ratio of water depth . to wavelength is small;
linearized theory - the wave amplitude is small compared to the wave length.
If we consider only periodic motions, the solution of our governing
equation is then
-iG2T iKX -iKX .2 2
1 = e (Ae + Be ) with Q= gHK
If we introduce the complex reflection coefficient R we can write
1 = Ae (e + Re )
Using the linearized dynamic boundary condition
gn + 4 = 0
and the fact that @1 is constant throughout the depth
Aig -iGT iKX -iKX
=e e +Re ]
I.a.2 Under the Raft
It is possible to derive quite rigorously the equations of motion
of the fluid under the raft (Stoker [ 8 ]; Mei [ 3 1), but we shall- give
here a quick demonstration following a more intuitive line in order to
understand better the physics of the problem.
Let us consider a deformable control volume as described in Fig. 3.
The two vertical boundaries are fixed geometrical lines, while the bottom
at Y = -H is a fixed material surface. The upper boundary can vary since
R
CR(X,T) is a function of X and T. As we consider only small amplitude
waves, we expect n to be small compared to L. Over a small distance dX
the motion of the raft will be essentially vertical. The rotation of the
upper boundary will thus be ignored.
Conservation of mass requires that
D (X,T) *(H-D+n(X,T)) = D (X+dX, T) -(H-D+n(,X+dX, T))
x x
R R
'T(XT) + TiR(x+dX,T)
+2 ]dX
22
By Taylor expansion around X and neglecting second order terms (in dX ) we
find
(1R (X,T) + H - D)P (X,T) + TR (X,T)I@ (X,T) + n (X,T) = 0xx x x T
In a linearized theory we neglect all quadratic terms in 0, n, and
their derivatives since we consider only small amplitude waves, thus
small velocities, free surface displacements ... Thus,
(H - D) 0 (X,T) = -nR(XT)
xx T
WANA41 Willi I W W 10
which is our governing equation (for the fluid) under the raft. The
dynamic free surface boundary condition is no longer valid. Instead, we
use Bernoulli equation:
P R
- + gn + 0 = 0
p T
along the lower boundary of the body.
At this point, a remark is necessary to explain clearly what P and
1R are in our equations. We are only interested in the motion of the
rafts. Thus we would like to separate dynamic and static pressures. At
rest, when there are no waves, the raft has a draft D CFig. 41. The
R
pressure under the raft is P5 = pgD. So if we measure R from the position
at rest, our P in our Bernoulli equation will be the dynamic pressure,
while the real pressure is P + pgD.
We need now to write the equations of motion of the raft itself.
At this point of the analysis we shall neglect the bending of the raft.
Of course, a very refined analysis would take it into consideration, but
we think that hollow, prestressed concrete plates could meet reasonably
these requirements. More precisely, that the curvature of the plates
could be always small compared to the curvature of the undisturbed free
surface.
Under this assumption
R R L-Xn (XT) = n T) - L
so that at the hinged end
n R(L,T) = 0
The angular displacement of the raft is clearly:
R
-nR (0,T) e
L
With this convention positive angles are
clockwise.
Now the angular motion of the raft is governed by the equation:
M = I +
where M is the moment of the forces (pressure plus weight) acting on the
raft about the hinge. It must be also positive if acting clockwise.
Let us remember that I is the moment of inertia of the raft about the
hinge per unit width, and a the extraction rate per unit width of the raft.
We can write M as
L L
M = + P'(L-X)dX - p'gDL-X)dX
0 0
where (p'gD'd) is the weight of a slice (of the raft) of thickness dX,
and P' is the total pressure.
However, we have seen that P' = P + pgD where pgD is the weight of
water displaced by the raft.
If we assume that the raft floats on the surface at rest without
inducing vertical forces on the hinge, and that it is homogeneous, then
at each point,
pgD = p'gD'
Thus in our dynamic equation, we only consider dynamic pressure and omit
the weight of the raft.
M = + P(L-X)dX = 1 5 + a 9
0
This is the equation coupling the motion of the body and the hydrodynamic
pressure.
Before summarizing our results, we need to consider the matching
conditions at x = 0 for fluid motion.
I.a.3 Matching Conditions at x = 0
We need some equations relating the motions of the fluid under the
raft (x = 0 +) and under the free surface (x = 0~). Stoker gives a rigorous
derivation of the necessary boundary conditions. Their physical meaning
is very obvious.
We must have conservation of mass:
c (0~,T) x H = 4 (O+, T) x (H-D)
x x
And continuity of the dynamic pressure:
T (0+,T) = DT(0~ T).
We can now formulate the problem of motion of the raft with all the neces-
sary equations.
Summary of the Equations:
Aig -iT iKX -iKXFor X < 0 DCX,T) =-g e [e + Re ]
Q = k /g
R
For L > X -> 0 (H-D)cD (X,T) = -n (XT)
xx T
Along the body (Y = -D)
P R
- + gn + =0
p T
with
TR (X,T) = e (L-X)
and
L
f + P(L-X)dX = I 8 + cI 8
0
with the matching conditions
(H-D)> (0+,T) = H @ (0,T)
x x
ST(0+ T) = T (0 ,T)
and the rigid wall boundary conditions
@ (L) = 0
x
i.(b) Variables in Dimensionless Form
In order to determine the independent parameters and to obtain more
general results, we are going to write our equations in terms of the
following dimensionless variables.
The vertical displacements:
iG2T R R iGT
C = ne i/A and C = C e I/A
The lengths and coordinates:
h = H/L
x = X/L
Z = L/L =
d = D/L
k = KL =- L
The velocity potential:
iG2T 1 1
$(x) = D(X,T)e (- )A v
And the dynamic pressure:
p(x - P(XT) e iTpgA
Our dimensionless equations are then:
x < 0 $(x) = -i/kh[e + Re-ikx
1 > x > 0
Along the body:
(1)
(2)(h-d) $ (x) = ik R (x)
0 < x < 1
p + C - ikh$ = 0
CR LiG2T(x) L e Q( 1_x)
1 IQ 2
P(.-x)dX = - 2 +
pgL A
(3)
i 2 T
pgAL
If we introduce the dimensionless angular displacement 8 and extrac-
tion rate a:
L
O = e
pgL
we obtain with I = pDL 3/3:
R (x) = 8(1-x)
1d 2
p(1-x)dx = - - k bl - iak63
0
The matching conditions:
(h-d)$ (0+) = h $ (0~)
xx
$(0 ) = $(0)
with the boundary condition against the wall:
$ (1) = 0.
x
From equation (2) we can get $(x) for 1 > x > 0:
ik
$x (x) = k e(1-x)
(h-d)
Hence
ik = + d'x + c]h-d 6
where c and d' are constants of integration to be determined by the
boundary conditions.
We summarize our problem:
x < 0
1 > x > 0
$(x) = -i/kh {eikx + Re-ikx
$(x) = ik/Ch-d) [6(1-x) 3 /6 + d'x + c]
Dynamic equation of the raft:
------------
m = p(1-x) dx = - k 2 h e - iake
03
0
with
p = ikh$ -
And the matching boundary conditions:
(h-d)$ (0+) = h $ (0~)
x x
$(0+) = $ 0 )
$ (1) =
We summarize also the definition of the dimensionless parameters:
k = KL =
VW~
x = X/L
iQT L
e=eeA
d = D/L
OL = I
pgL4
$(x) =(qT ' e
g A
p(X) P(X,T) einT
pgA
We shall now solve analytically our problem to compute the motion of the
raft (0), the reflection coefficient (R), and the forces at the hinge.
(4)
(5)
(6)
(7)
- i T
A
h = H/L
and
I. \cJ Solution of the Problem
Our unknowns are: R, the complex reflection coefficient; 6, the
angular amplitude of motion; and two coefficients, c and d'.
The boundary condition (7) implies d' = 0. With (6) we find:
k(l+R)/kh = - (6 /6 + c)
(h-d)
while (5) leads to:
ih Lk = - (1-R)(h-d) 2
Writing
p = ikh# - = ikh[ik (e + c)] - 6(1-x)(h-d) 6
We integrate the left-hand side of equation (4) and get
-M= h+k2 -he + k2h c + 1(h-d) 30 (h-d) c2 3
We have thus three equations with three unknowns, R, 6 and c:
(1+R) __ l (-+c)8)
kh - h-d 6 (8)
[ ih 1- k]6 = -(l-R) (9)(h-d) 2
[k2 h 1 + d k 2h - ick]6 = - [ -- ]c (10)(h-d) 30 3 3 (h-d) 2
In our model the energy of the incident waves is divided into two parts as
it reaches the rafts. Part of it is used to move the raft (and can be
extracted at the hingel and part of it is reflected as a left-going waye.,
There are thus two ways- to compute the efficiency of such a device-
either by finding e, thus the power extracted at the hinge, and taking the
ratio power-extracted/incident--power; or by finding the reflection coeffi-
cient R and taking 1 - IRI 2 which represents the fraction of incident
energy not reflected.
I.c.1 Reflection Coefficient
Equation (8) gives an expression for Cl+R) . With equation (9) we
can write:
(1+R) = -(l-R) + 2 = 2 + i keh-d 2
Thus
C = [2-i h k6h-d - 6 1h-d 2 k2h 6
-2 (h-d) - [
kWh
With this last equation and (10) we find 0:
2 h 1 1 d 2 2 h.1 h
e[- k --- 3-- + - k h + iak + k +ik ----h -lh-d 30 3 3 -h-d 12 + h-d 4
We define 6 = a + ib
2 h 1 1 d 2 h 16 = [(k h-d + k h) + i(ak + k
And we have
0 = -1/6
Now from (9)
h 11 - R= i-k -h-d 16
Thus
h k
(-d) 26
We shall now investigate the main characteristics of the solution:
peak efficiency, response curve, forces at the hinge.
I.c.2 Peak Efficiency
The highest efficiency is obtained when R = 0, where there are no
reflected waves.
h
R = 0 <=> 26 = i h k(h-d)
2 h 1 1 d 2
a 0 <=> k 
-- +-kh=0 (12)h-d 20 3 3
R =0 <=> <
2b = k <=> 2(k ' + ak) - k (13)h-d 4 h-d
Equation (11) gives
k2 = _l[ h 1 + d3-1 (14)3 h-d 20 3
Equation (12) gives a
h 1at = - (15)(h-d) 4
We have thus shown that, for given k and h it is possible to find a set
(da) so that the reflection coefficient is 0 and the efficiency 100%.
It can be shown that Eq.(14) implies that the raft is resonated and Ea.(15)
implies that the extraction coefficient is equal to the radiation damping.
We can analyze in more quantitative terms the characteristic
parameters of this peak efficiency.
It is possible to approximate Eq.(14)
2 1 h 1 d -lk =- [ -- +-h3 (h-d) 20 3
If we consider only thin rafts (d=D/L << 1) we have
k 2 [1 + 0]l % 6 or smaller3 20
Thus kiv 2.5 and
27r L
-- x L = 2.5 or - .4A A
Hence for a maximum efficiency the ratio raft-length/wave-length will be
approximately .4, slightly smaller if D is not negligible. Then with
our h/(h-d) ' 1 assumption we find the optimal extraction rate = a = .25.
This shows that in dimensional variables, the optimal extraction
rate Twhich gives the peak efficiency of 100% is a function only of H
and L, the depth of water and length of the raft, with
= .25 PL4/ H
In Fig. 5 we investigate the effect of a variation of a on the efficiency
curve: when a is divided by 2 the efficiency is lower on the whole range
of incoming frequencies. But when a is twice as big as the optimal value,
the response curve is flatter and the efficiency better for k > 6. This
indicates that it could be more interesting to use sometimes higher values
of a than the optimal one in the actual design of a multiple raft.
I.c.3 The Efficiency Response Curve
Since the actual incident wave spectra usually contain a broad range
of wave frequencies, the peak efficiency of the precisely tuned device is
........... W.A
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not the only important feature. The response curve giving the efficiency
over a range of incoming frequencies shows how much energy could be
extracted when the frequency of the incoming waves is not exactly the
one that the raft is tuned to. For that, we plot e = 1 - R 2 as a func-
tion of k according to equation (11):
h k
R = 1 - i -(h-d) 26
We plot also e = the angular displacement of great importance to deter-
mine the necessary characteristics of the energy producing devices.
These curves are plotted in Fig. 6. We have taken again the simple
case of thin rafts, h/(h-d) ' 1, since a different value of this ratio
does not change significantly the results.
I.c.4 Forces on the Raft
Another interesting parameter that we shall investigate is the mag-
nitude of the forces that are transmitted through the hinge. These forces
determine the characteristics of the bearings at the hinge and the maxi-
mum shear force on the raft, hence its structural design.
The different forces of interest are drawn in Fig. 7. We consider
the dynamic pressure P(X,T) and the force on the raft at X = L: F(T),
Horizontal forces will be much smaller than vertical forces, the
contribution from pressure along the raft is roughly:
- L
F CT) =(P(X,T)dX]- +[P(.
0
since sin 0 % 9 in our small displacement model.
The dynamic pressure on one vertical end of the raft is P(0,T)-D.
xI .
.9
.8
.7
.6
.5
.4
.3
.2
x
X
2 4 6 10 12 14 16 18 20 22
k=KL
--H-- Vertical Force at Hinge:
-- X-- 0 Angular Displacement:
(F pgALf)
(= (A/L) Q
x efficiency
With h=.1, d=.03, a= .25
% 
'X 
-X-x
Fig.
P(XT) F (T)
F T (T)
Fig. 7 Forces On A Raft
We shall postpone until Part II the study of the horizontal forces.
Vertical forces are responsible for the vertical accelerations of
the raft:
LT P(X,T)dX + F(T) = M Y
0
where YG is the vertical displacement of the center of mass of the raft
L 2LY =E - and Y= -0 -G 2 G
We define the new dimensionless parameter f:
F(T)e iT
pgAL
The momentum equation becomes
p(x)dx + f = - - k2hd
f 2g 2
0
But
1 T-1l
p(x)dx = (ikh# - R )dx
0 0
= ikh h1 -i [6 6 + c]dx - (1l-x)dxj(h-d) 6l-f
0 0
2 h e +
= - k[-+c--(h-d) 24 2
Thus
f = e[- + kh + -] + k2  hc2 24(h-d) 2 (h-d)
However, c has been determined in the previous paragraphs:
2(h-d) 1 i
e = [ + -- I2 6 2kk h
Thus replacing c by the above expression we find
f 1 k2hd 1 k2h ikh
T-2 2 8(h-d) 2(h-d)] - 2
Graph No. 6 gives a plot of If| = jf1(k) with our usual values of the
parameters.
We see that the maximum corresponds roughly to the resonant peak of
100% efficiency, and the value of f is around 1.05. Hence,
F = pgAL x 1.05 % pgAL
The force on the hinge per unit width of raft is equal to the weight of
a slice of water of length the length of the raft, unit width, and depth
the amplitude of the waves. This force can thus be very high: 13 103 lbs.
per unit wave height if the raft is 200 ft. long, or 60 T per meter width-
for each meter of wave amplitude.
However, this is the force at the hinge between a floating raft and
a fixed wall. We can expect this force to be smaller between two float-
ing rafts. Moreover, the bearings only have to be designed for this force:
there will not be any vertical anchoring necessary for the floating train
of rafts.
I.d Conclusions
In this chapter we have first derived the dimensionless equations
governing the fluid and raft motions in our linearized long waves theory.
These equations will be used again in Chapter II; however, the boundary
conditions will be different.
We have then studied the motion of a single raft hinged on a wall
and found that for suitable parameters (% = .25 and k ~ 2.5) there is a
peak efficiency where all the energy of the incoming waves is absorbed
at the hinge. In other words the hydrodynamic efficiency is 100%. More-
over, the response curve is not very sharp since between k = 1.25 and k = 6
the efficiency is greater than 80%. That is to say for waves whose wave-
length lies between one half the optimal wave length A and two A , the
0 o
hydrodynamic efficiency is higher than 80%. However, the amplitude of the
motion decreases sharply when k increases, thus reducing the technological
possibilities of transforming into electricity a high percentage of these
80%, for k = 6, for example.
The forces at the hinge are high: of the order of 60 T per meter
of incoming wave amplitude per meter of raft width for a 200 ft. long
raft. However, we expect this to be an upper limit to forces on hinges
between floating rafts.
Finally, we have investigated the effect of a charge of a from the
optimal extraction rates 0= .25. Between a = 2 a0 and a = a 0 /2 displace-
*
ments are never more different than by a factor 2: that is to say
multiplying a by 4 divides at most the displacements by 2, which is inter-
esting since very small angular displacements are not easily transformed
into electricity.
The efficiency response curves for various a's are given in Fig. 6.
It shows that devices with a smaller than a. are less efficient on the whole
0
range of incoming frequencies but higher a can be more interesting for high k,
because it gives a flatter response curve. These conclusions are very encourag-
*See Fig. 8
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Fig. 8 Angular Displacement 6(0 = 0 x A/L) for variable a with h=.1 and d=.03
ing results, and we can expect that a train of rafts could achieve a
high efficiency on a broad range of frequencies if the lengths of the
rafts were different, and the extraction rates between them tuned to give
an optimal efficiency. The increased number of variable parameters makes
the problem more complicated to approach which we shall try in Chapter II.
II. MULTIPLE RAFTS IN SHALLOW WATER
The goal of this chapter is to determine the dynamics and to
optimize the different parameters governing the efficiency curve of a
train of wide rafts hinged together and floating in shallow water (Fig. 9).
We assume the problem to be two-dimensional (see the Introduction
for a discussion of that assumption). We consider only incident sinus-
oidal waves and assume that the rafts are kept at a fixed mean position
by a mooring system, for example. The problem of horizontal stability
will be studied in Chapter 5.
Fig. 12 lists the definitions of the new variables introduced in
this chapter, and Figs. 10 and 11 summarize the number conventions. The
first parameter is the number of rafts N, Each raft has a length L. andJ
each hinge an extraction rate a .. We shall restrict our independent
J
parameters to these, assuming that all the rafts have the same draft D.
Th.e moments of inertia I. depend on L. and D. Using the assump-
J J
tions of the linearized shallow- water theory as in Chapter I, we shall
now derive the equations of motion of a general raft where N, L. and a.J J
can take any value.
II.(a) The Method of Superposition of Potentials
The problem under consideration can be most efficiently solved by
the method of superpositon of potentials [ 5 ] that can be outlined as
follows.
(1) (N + 1) different radiation velocity potentials ( -n) are
defined, with each @DCn) corresponding to the potential of the fluid if
nodal point n is forced to have a vertical displacement. Y nARe[e
Incident wave crest
Fig. 9 Three Dimensional Drawing. The Train of Rafts Is
Narrowed For Convenience
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N = number of rafts (numbered 1 to N starting from the left}
L.= length of ith raft
X.= distance (left edge of raft l)-(right edge of raft i)
or: X. = L.
j=1 j
Y. vertical displacement of left edge of raft i
e.= angular displacement horizontal line - raft i (positive if counterclockwise)
a damping factor at the left hinge of raft i
I. moment of inertia of raft i through its center of mass (middle of raft)
R. vertical force exerted by raft (i-1) over raft i and positive
if upwards
Fig. 12 List of New Conventions
and all other nodes are fixed.
(2) - G(9s) is defined as the scattering potential of an incident
right going plane progressive wave if all nodes of the raft are fixed,
(3) The total potential @ is then defined by
(s) N+l@= A + I A.@
j=l 3
A is the amplitude of the incident wave and A. is the complex amplitude
J
of motion of node j. The dynamic pressure under all rafts can then be
computed as a function of the (N + 1) unknowns A. .
(4) For each raft two dynamic equations for heave and pitch are
written, which involve the (N - 1) unknowns R vertical reactions between
n
two rafts. This gives 2N linearequations for 2N unknowns: Al, A2 '..., kn+ 1
and R2, R3  . R. It is thus possible to solve the problem and compute21 3 n
the 2N unknowns.
(5) The mechanical energy extracted at the nodes is then found
from the knowledge of nodal point displacements A. and extraction rates.
This represents the theoretical maximum energy that could be extracted,
for such a set of the initial parameters.
II.(b) Nondimensionalization of the Problem
We use exactly the same dimensionless variables as listed -
below.
(i) _ ) iGT
c A e
h = H/L
x = X/L
k =KL =--
/ggj
,. = L./L
d = D/L
iGQT Li
= 0, e~ ---11i
R. e1QT A.
ac= r.= a.=i i 4 gAL i A
S pg L
Ci) iG2T (s) iGT(T~Ci DCi) (X, T) e i2 ( (s) (XT) e 2px(x) =
PCX) =PCXIT) e t2TpgA
At this point we have to choose a horizontal length scale L. Two
values can be chosen almost arbitrarily: the total length of the rafts
or the average length of each raft. We shall take the latter definition to
keep our dimensionless parameters as close to 1 as possible. HIowever,
our equations will be written in such a way that the definition of L could
be easily changed if necessary: the water depth of 11 will be used also as
a scaling length.
II.(c) Governing Equations
II.c.(l) Radiation Potentials
We take Y n+ = A e as the motion of node n+l,
The potential outside the rafts- is:
(n+1-) i - -ikx
x < 0 # Ca e I (_left going wave)
~xN - - - (b e +ikCx- ) Cright going wave)
where a (b) is the complex ratio of the amplitude of left (right) going
radiated wave to A.
Under the rafts we have, as in Chapter I:
o < x < (h-d)$ (x) = ik (+l) (x)
xx
44
We shall replace (h-d) by h since we keep the simplifying assumption of
(h-d) /h Ov 1.
Under a fixed raft i:
(n+1) (n+1) (n+1) (n+1) (n+1)
Cx) = 0 => $ Cx) = 0 => c- x + d
Uxe1 1
Under raft n:
(n+1) (n+1)cn~) (x) = n Cx x )/Z
n n-1 n
with e (+l)
n
ik n-1
h zn
ik 1 Ex n-1 3 +C(Zn+l) (n+1)
h n 6 n n
Under raft Cn+l) the same kind of reasoning leads to
(n+1) x
e(n+1)) 3
ik xn+1 n+l +
h Z n+l 6
(n+l) (n+l)
n+1 n+l
- -1
We have then 2(N+l) unknowns:
(n+l) and
c.
(n+l)d. for i = 1, N; a and b.
They can be determined with the boundary conditions that # and $ must be
continuous under all (N+l) nodes.
From now on until the solution of this problem, we shall drop the
Hence
= +1
Cn+l)
S (x)xx
Thus
C(n+l) (X) (16)
with
en+l
Cl17)
superscript (n+1) since it is obvious that we are solving only Yn+1
Ae .S 2T
The boundary conditions at the nodes are as follows:
Node (N+1):
- + b
# (xN) = CN = h )
$(x ) cN N + dN C
Node N:
bi
x ZN)
$(XN - ZN)
C - +
N-1 x N
ScN-1 (N N) + dN-1
CxN 
- 9N
= CN
n) + dN
This implies obviously
cN N-1
dN dN-1
In the same way, the matching conditions under the other nodes give
cN =c N-1 c N-2 n+1
N N-1 dN-2 n+l
Node (n+1):
-+ ik
$(x) = (x ) implies -- (Z + ) c
x n x n 2h n+l n n+l
- c
-+
$(X ) = $Cx ) impliesn n
Node n and smaller numbers:
We find again
C = C = ... = c
n n-i
d = d
n n-1i
ik 2
T --. +l
2
-) = d - d + x (c -c )
n n n+1 n n n+1
= ... = d1
Node 1:
(0 = C,= $CO)
a
=-
ft
+ -$CO ) = d = CO0) =
We can thus eliminate (N-4) unknowns and keep only the six non-trivial
ones: (cN+1'+1) , Cc, d1) , a and b. This leads to the six equations:
C = -a/li
d = -ia/kh
CN =b/h
d = -bi/kh - cNxN
ik ( + 
=2h - n n+1
ik (2 2)
6h - n+l n = d - d + x Cc - c )1 N n 1 N~
This system is easily reduced to two equations for a and b:
- (2 +z ) =(b+ a)2 n n+1
ia
- h
CN
ik 2 2 i
-- (_2 - k) = (b - a) - x (a + b) + bxN6 n+1 n k n
which leads immediately to
1___ k U___k_a = -.A(, +ZE )[i +k( -Nxx) - k n+( n](2 - ikxN) 2 n n+ n n3
(9, -Z )
b= 1. ( + Z )[i + kx + k n+l n(2 - ikxN) 2 n+l n n 3
C18)
(19)
The other unknowns are found by replacing a and b by their values in the
following set of equations:
c, = -a/h
cN = b/h
d, = -ia/kh
dN NN - bi/kh
(20)
We have thus solved the general radiation problem where Yn+1 = A e
and all other Y.(i # n+l) are 0.
It can be easily checked that the results (18), C19) and (20) are
still valid for n = 0 or n = N if we take k0 = 0, x = 0 and Z N+ 0.
We have thus determined $(n+1) for n varying between 0 and N. From
now on we shall use again the superscript to indicate the radiation problem
to which the variables are linked.
II.c.(2) Scattering Potential
All nodes are fixed and we want
incident right going plane progressive
Outside the rafts the potential
Chapter I, but for the fact that there
going wave since we no longer consider
to find the potential due to an
wave.
is exactly the same as computed in
is now also a transmitted right
the presence of a wall.
i ikx -ikx
x < 0 : = - le + Re I
ik~x--l
x > xN P {Te ]
where RCT) is the complex reflection Ctransmission) coefficient.
Under the rafts the same reasoning as in the computation of radia-
tion potentials shows that
O~x~x.NCs) Cs)
0< x<: = c- x+d
The boundary conditions:
Node 1: c (s) = (I-R) /h -
d S) = -iCl+R) /kh
Node N+l: c S) = T/h
d(s) = -cCs) - iT/kh
It is then easy to solve for c and d
cS) 2 d Cs) -2 kx+ C21)(2-ikxN)h. 2-ikx kh
-It is thus possible to write the total potential under the rafts as the
sum of the scattering potential and the radiation potential
N+1
Cs) (s) + Cn)$= c x+ d +
n=;l
However, the a 's are still unknown. In order to determine them, and
n
thus the motion of the rafts, we need to write the dynamic equations of
motion, and for that, to compute the pressure terms-, This will be our
next task.
TI.c.(3 ) Dynamic Pressure Distribution
We have shown in Chapter I that
p = ikh$ - CR
where R is the vertical displacement of the lower face of the rafts from
their rest position.
Under raft n:
R (x-x nl) Y)+yR "n-1L
n+1 n n
n
where
Y
ti iG2T
n A
By definition of a we have thus y = a . Hence
m m m
R (xn-1 )
C = n na -a) + a
- n+1 n n
n
Thus, the dynamic pressure is
Cs) N+1 00)(x-x n-
p = ikhn( + a $ -C ( + inz (a -a ) (.22)
With the dynamic pressure we can compute the forces and moments that
the water induces on the rafts.
Vertical forces:
f = p(x)dx = ikh n s)dx + ikh ) a (x)dx - (a +a )1 nn I d n n+1 2f m=1
n-1 x n-1 n-l
Then, with the results of paragraphs Cl) and (2); especially equations
(17) and (16):
x 2 2
( (s) dx = c (s) n 2n + d z
2 nn
x
xn-1
But (q) dx depends on the respective positions of n and q:
Xn-l
x 2 2
1 q < n dx q) n n- + d(q) z
-'~'-"~j d~ N 2 N n
xn-l
x n3 (xx2 dn2
q n => n(n)dx = n+ cn) n n-1 + d n)
x n-
x nn3 ik2 
x )
q n+l => n+) dx = + c (n+1) n-1 + d (n+l)
xn-1
2 2
x(cn (x 2-x )
N+l > q > n+l => $ dx = c(a) n n-i + d n
Xn-l
It is thus possible to write f as a sum of components; each one of them
corresponds to a given radiation or scattering potential. This will be
useful in the computer program.
2 2(x 2-x 2
f =c (s) n ~n-1 + d(s)Z ]ikhn 2 n
n-i 2 2
n-1 (x 2-xn- (2
+ ikh[c(G') (n n-) + d (.)k ] a
+ I N 2 N n
q=1
3 2 2
. 2 (jx-x )
+ ikh[ _n _ 1 n- + c(n) n n-1 + d ]ah 24 ikh 2 N 2 N n n
*
Note - q refers to the moving mode.
3 2 2k 3 9 (x -x )
+ ikh ik n 1 n + c (n+1) n n-1 + d(n+1) 91ah 24 ikh 2 1 2 1 n n+1
N+1
+ I ikh[c)
m=n+2
(.x 2-x )(n n-1 + d (m)Z ]a2 1 n m
-
f(S) + N1
n +
m=1
Hydrodynamic moments:
We consider the hydrodynamic moments with respect to the horizontal
axis at the middle of the bottom face of the rafts.
Under raft n:
n
M = (x)(-
nX
xn-1
(x )dx
n 2
with p(x) given by (22). If we take advantage of the general equation
x nZ3
n n,
(a+6x) (x - (xn - 2))dx 12
xn-l
and decompose mn into different potential components
3
M(S) = C(s) ikh
n 12
q < n
q = n
S(q) =.k- (q) n
n N 12
23 4 2(n) . (n) n ik n +n1
n N T 12 h 80 12 ikh
3 Z4 
2
-=+1 (n+1) = (n+1) n ik n n 1
q-n n ikh[c 1 12 h I0 2 ikh
N+1 > q > n+1
Z 3
m = ikh c(q) n
n 1 12
It is easy to check that these formulae are valid for any value of n between
a f(m)
m n
(23)
1 and N, if for the extreme case n = 1 and n = N we neglect the q < n
and q > n + 1 equations. We thus have
(s) N+l (q)
m = m + a m
n n q q n
Now that we have linked the unknowns a and the hydrodynamic forces on
the rafts, we can easily write the dynamic equation of motion.
II.c. (4) Equations of Motion
We must consider all the forces acting on the rafts. We have seen
in Chapter I that a good choice of coordinates allowed us to disregard
the hydrostatic pressure and the weight of the rafts since they cancel
each other. We are left with inertia terms, hydrodynamic pressure terms
and the forces that the rafts exert on one another. These forces are of
two kinds: vertical forces at the hinges, and moments due to the extrac-
tion rates at the hinges.
The vertical forces are the only ones needed to determine the a q
This is reasonable since the only equations where the horizontal forces
would appear are for the angular motion. And in these, the vertical forces
have a much stronger influence than the horizontal once because they are
greater in order of magnitude,and their lever arm is much bigger (of the
order of L/2 ) compared to the lever arm of the horizontal ones (of the
order of A) since A/L << 1 in our theory. We shall give a quantitative
estimation of horizontal forces in Chapter III, though we shall neglect
their effect in the motion.
Vertical forces will be written as R with the following convention:
R is the vertical forces exerted by raft (n-1) over raft n through hinge
n
n, positive if upwards.
Moments are positive if counterclockwise, as are the angles. Thus
the moment exerted by raft (n-1) on raft n through hinge n is
M =-a (0 - )
n n n-i
And the moment of forces R and R n+ on raft n with respect to the middle
of the lower face of the raft is
L
M -- n (R+R )2 n n+l
We can thus write the equations of motion:
Vertical forces:
(Y +Y )
n n+1(Mass)n 2 = n - Rn+l + Fn
This gives in dimensionless form:
-k2dh (an n+1 =r - r + f (S) + N a f(q)
n 2 n n+1 n In
We can thus qtate our first N equations of motion: For 2 < n 6 N-1
n-i (q) (n) k 2dh. (il) k 2dhi) N+l
Ia f + a n(f~n + n) + a nl(n+1 + n) + a 11f n
a n n nn+ n +
2  n
q=1 ~ n+
+ r - r
n n+1l
(24)(S)
n
For n = 1 the first term disappears and r1 =0. For n = N,
disappears and rN+1 = 0.
Moments:
For a general raft n:
L
I =- - (R + R )+-a' -G )+a (G
n n 2 n n+l n n n-i n+1 n-+1
N+l
a fq)
q=n+2
-3) + M
n n
which gives in dimensionless form:
0 z e n e-. ~ e n
- dhk2  = (r + rn n-i- n+1 n
12 n n n+1 2 n zk n[+1 Z z
n n-i n+l n
(s) N+l (q)
+m + a m
q= q n
Now with our definitions 8 = a - a .
n n+1 n
So we can write the N equations of angular displacements as linear
equations in a and r :
q q
For 3 ( n < N-2: (25)
n- 2 +(a) (m (n-1) + ik + m (n) + ik(- an an an+1
qI~ n n- n n n -Ii(T-z - zq=1 q n n n-i n n-i n
22 2 2dhk Z +1 a a~± a dhk 1
- 2 n) + a (m (n+) + ik( + n+) + n+1 + n)12 n+1 n l 12
n n+1 n
+ a (m(n+2)
n+2 n
_ik ) + l a m ( - (r + r )
z n+1 I q n 2 n n+l
n+l q=n+3
(s)
= -m
n
For
For
For
For n = N
:the first two terms of the sum disappear and r 1 = 0.
:the first term only disappears.
N+i
- 1:the term N a m disappears.
q=n+3 q n
N+i
:the two terms an+2 . . a m disappear and
q=n+3
rN+l =0.
We thus have 2N linear equations which can be solved to give the 2N
unknowns a and r . HOwever, the complexity of the coefficients involvedq q
does not allow us to obtain an analytical expression for the 2N unknowns,
even for N = 3. Thus, we shall have to use a computer to solve the
06 -0, - - , 10, -1 ON -- - -- 11- - 1. 1-11
problem.
Of engineering interest are the following parameters: the total
energy extracted, the efficiency, the forces at the hinges and the
angular displacements of the rafts.
II.(d) Derivation of the Main Parameters
Forces and displacements:
These parameters are easily derived from the computed unknowns.
At node n : R = e r pgAL
n n
-iQT A
For raft n: ® = e -- (a - a )
n L n+l n
n
An approximation of the hydrodynamic horizontal forces can be made.
If we consider that the pressure acts perpendicularly to the rafts, the
total hydrodynamic force on the train of rafts is equal to the sum of the
horizontal projections of the pressure forces under each raft.
N Xn
F h(T) =- [( Re[P(X,T)]dX)*sin(Re 0) ] + ReEP(0,T) -P(XN,T)-D
n=1 X
n-1
Consistent with the assumption of zero draft, we neglect forces at the raft
ends but we shall compute it in Chapter V. It is then possible to
compute the instantaneous and the time-averaged forces on the train of
rafts, which are important for the design of the mooring system.
The instantaneous force can be written as the sum of the zeroth
and second harmonic forces.
AiL N 1 -T * iQT -iGT * iQTF h (T) = 9 - pg --- (e6n eL + e e ) (p e + p e )dxl
n=l n X n-1
xn
-pgA 2  Re(p
n=l n
xn-l
Both forces are of second order.
using (23)
x
2 N f n -
-pgA 
p 
n n+l
n=1n x
nn--
O )dx
n
-2iG2T0n e )dx
In particular, the averaged force is,
* *) + f(a - a)
n n n+1 n
This can be also computed numerically once the an are known. The results
will be discussed in paragraph
The amplitude of the second harmonic forces is:
* * *
2 N f (a - a ) + f (a - a )
G =-pgA2~ n n+1 n n n+1 n
nI zn=1 n
which can also be computed numerically.
Energy considerations:
The average energy extracted at the nodes can be written:
1 T W N2
E = n=Ia n [Re($ - 0 ) ]dT
0n2n n n-1
An easy computation leads to:
2 2 (a - a.) (a. - a. ) 2
- A I . +1 _ I -A 3-1
2 2 j=2 j z. J.
L j j-1
If we write
eff E
1/2 pgA2
We find
2 N Ca - a.) Ca. - a. ) 2
eff =k2 ~ t +1 1 (26)
_ z1. z 1j=2 j -1
where eff is the efficiency of our structure. This must of course be
taken as the hydrodynamic efficiency: ratio of the power extracted at
the nodesagainst the incident wave power (precisely 1/2 pgA VgH in
the shallow water theory).
II.(e) Optimal Design of the Energy Device
At this point of the study we have completed a linear theory
whose solution would enable us to compute the efficiency, the displace-
ments and forces of a train of rafts when the following input parameters
are fixed:
N number of rafts
. = L./L dimensionless .. lengths
C. dimensionless extraction rates
h = H/L dimensionless depth
d = D/L dimensionless draft
k = K L dimensionless wave number
However, we are mainly interested in the optimal design of rafts
by proper choice of some parameters (a. and 9 ) while others (N, h, d, k)
are fixed. In the next paragraphs we shall therefore discuss various
ways of optimisation.
II.e.1 Optimum for Peak Frequency at Fixed Cost (Hence L )
(i) A peak frequency £2 of the local sea spectrum is assumed,
and so is the depth H. For a given number of rafts N, and a total length
L , an optimum set (Z., a.) is found so as to optimize the efficiency
N
at Q2. ( Zi = L /L)
i=l1
(ii) The efficiency eff(k), hinge forces F (k) and angular
displacements 6.(k) are computed for a range of k around k .
II.e.2 Optimum for Peak Frequency Under Economic Constraints
A peak frequency 2 of the local sea spectrum is assumed,
and so is the depth H. A cost C per unit length of raft is assumed,
and, for a fixed N, we find a set of parameters (Z ,a ) that maximizes
the profit.
II.e.3 and
II.e.5 Optimum Over the Entire Spectral Range at Fixed Cost (Hence LT
A local yearly averaged dimensionless sea spectrum s(k) is assumed,
and a depth H. For a given number of rafts N and total length L0 , a
N
set (2., a) of parameters is found (with Z = LT/L) so as to
1 J i=1
maximize the average efficiency <eff> over the entire spectrum.
II.e.4 and
II.e.6 Economic Optimum Over the Entire Spectral Range
A local yearly averaged dimensionless sea spectrum s(k) is assumed,
and a depth H. For a given number of rafts N and economic conditions
(x,C), we find a set of parameters (Z., ca.) that maximizes the average
profit, and we plot the efficiency curve eff(k).
Let us first explain the optimisation criteria to be used.
II.f Optimisation Criteria
II.f.1 Efficiency Optimality Criteria
It is obvious that the efficiency of the train of rafts is a
possible objective function that we have to maximize (the criteria used
in e.1 and e.2 are therefore the most natural ones). However, the
peak efficiency of a train of rafts is not the only criterion to judge
the value of such a train. The broadness of the efficiency curve is
also important since it governs the behavior of the device at varied
incoming frequencies.
In general, the incoming wave spectrum S(k) varies with time
during the year (ref. 11E). If we suppose a yearly cycle, the energy
extracted is
year c
Ey = S(k,t)Seff(k) dk dt
-0 
-0
where is the efficiency of the devices (pistons - turbines - transmission
lines) transforming the mechanical energy at the hinges into electricity on
the shores, assumed to be independent of k. We define the annual
year co
incoming energy (27) E = f S(kt) dk dt
a --Year
S(k~t) dt dkthen E = E y eff(k)
-0 
- y
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Year
S (k, t) dt
We can thus write (28) s(k) = _ as a yearly averaged
0 E
dimensionless spectrum that could be fould for any given location.
We then have E = E y ef.f(k) s(k) dk which can be used
y y Jo
as the objective function.
Since E is fixed at any given location, and 6 is given by
y
technology, maximizing E is equivalent to maximizing the time averaged
efficiency <eff> where
(29) <eff> = eff(k) s(k) dk
.0
Thus <eff> is the hydrodynamic efficiency that should be used in a
long term cost-benefit analysis. Our optimality criterion is then,
in discrete form:
n
(30) <eff> = { eff(k )- s(k ) dk
i=1
where the k. are covering a range large enough to include the major
part of the incoming energy, and dk = k - k is a constant quantity.
It is difficult to collect reliable longterm information in order to
get s(k).
We can deduce very approximate curves form Ref[lO] or [11E], or
we can use for demonstration of the method a short time wave spectrum
S(k, t0) as given by Fig. 13 or by Ref. [6]: Pierson-Moskowitz spectrum,
Bretschneider spectrum or JONSWAP spectrum. However, the peak frequency
optimization (e.1 and e.2) is very appropriate for sharp spectra. Thus
it does not seem worthwhile to duplicate the results of (e.1) and (e.2)
by defining a sharp s(k) in (e.3) and (e.4).
61
Frequency (Hertz)
.10 .20 Hz
10s 5s c
.1 .2 Hz
10s 5s
Period (seconds)
Savannah Coast Guard Light Tower
Fig. 13 Energy Spectra
Frequency (Hertz)
.1 .2 Hz
10s 5s
Period (seconds)
Nags Head ,
.1 .2 Hz
10s 5s
N.C.
Typical Wave Spectra From the Atlantic Coast.
The ordinate scale is the fraction of total wave
energy in each frequency band of 0.011 Hz.
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Instead, we shall use two different spectra for each case the
first one will be rectangular: the energy of incoming waves is supposed
to be the same for wave numbers between k and k2'
A choice must be made for these values. Very short waves will
not reach big heights, thus big power, because of breaking. Very long
waves are linked to the existence of violent storms which may be rare
enough to be neglected for an energy-producing device. In our case,
we shall take [k1 , k2] corresponding to [4s, 8s ] waves, reasonable
values if we consider Ref. [llH] data.
An interesting feature of the rectangular spectrum is that it
readily gives a lower bound of the value <eff> for any spectrum s(k)
defined between k and k . If we call eff . the minimum efficiency1 2 min
of the optimal train over the range [k1 , k2] for a rectangular spectrum,
we have, for any s(k):
-k2 
-k2
<eff> k eff(k) s(k) dk> eff . s(k) dk = eff .
.1 mnk 1a
Moreover, since the efficiency curve of the optimal trains for
rectangular spectra is almost always concave, it is easy to find effmin
since eff . = min {eff(k ), eff(k )}.
The second spectrum we shall use in our optimisation will be a double
peaked spectrum characteristic of the simultaneous existence of a swell
peak (long waves generated by a distant storm) and a local spectrum peak
(short waves generated by a moderate local wind). The actual spectrum
(Fig. 14) is taken from Ref. [2] and represents North-Sea conditions.
It is chosen for two reasons.
First, we want to see the ability of a multiple raft train to
react to a double peaked spectrum. It is a good test of the limits
of the device. Also, it is possible that at some locations the actual
s(k) would be double-peaked, due to the dual effect of swell and local
wind waves.
We have thus defined two different hydrodynamic optimality criteria.
The first one is eff(k ), efficiency of the train of rafts at the peak
frequency, which approximates a sharp-peaked spectrum, and the second is
<eff>, the time averaged efficiency that will be computed in each case
with a rectangular spectrum s(k) (Fig. 15) and a double peaked spectrum
(Fig. 14) schematized in discrete form in Fig. 16.
II.f.2 Cost Optimality Criterion
Our goal initially was a purely hydrodynamic study of various
trains of rafts. However, it appeared quickly that some economic conditions
needed to be introduced. We shall explain why, and justify the (e.2)
and (e.4-6) criteria.
When the total length L of the train of rafts is fixed, it is
possible to optimize the peak efficiency, for example, while the domain
for the N variables Z1, Z2' '''' N is bounded (since Zi > 0 an
N
Zi = L T/L). Thus a discrete search method will converge in this
i=1 T
finite domain.
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Fig. 16 Schematization of the Double Peaked Spectrum
The choice of LT can be limited by the total cost. However,
if we try to perform an optimisation where LT is not fixed, that is
to say the N variables Z1 ,2' . ' N are independent, there is no
convergence. This can be explained by two properties of the function
eff. First, it has a maximum of 1 for Z2 = co, and Z1 and Z2 given by
Chapter I (Equations 14 and 15). This is because in our theory an
infinitely long raft behaves as a vertical impervious wall. Then,
it does not seem that eff has local maxima. In other words, there
is always a path between any point of the (Z , . N a 2'.' N
domain and a (Zlopt, O , .. 0, a2opt....0) point, along which eff
is monotonuously increasing to 1.
However, it is obvious that cost constraints prohibit the design
of such long rafts. It is these constraints that we reintroduce by
modifying our optimisation criteria.
We shall introduce the new variables:
x price of a W-h ofelectricity on the coast
P1 is the expected period of life of the structure (taken as 20 years)
C is the cost a unit length of LT (square unit of raft)
int is the interest rate (taken as 8%)
The equivalent annual cost of a unit length Lr is thus
int
cst = L C - = .102L C - L -C/10
T 1- (1/1+ int) 1 7
*
This behavior has been numerically checked by computing the efficiency
curve of a train of 2 rafts where the second and third are very long;
compare Fig. 17 and Fig. 5.
-~ XxxxxXxxx X
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x x
I I i 1 I I I 1 t I ,
I 2 3 4 5 6 7 8 9 10
k = KLI
Fig. 17 Efficiency Curve for a Very Long Second Raft (~ a wall)
91 = 1. 92 = 30. = X3 a2 = .25 a3 = .002 h = 
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eff (k)
the annual benefit is
bnft = x -Ey -eff(k ).
or bnft = x -Ey -<eff>
Since we had defined Ey(30) as the annual incoming energy and
the efficiency of the transformation (mechanical energy at the
hinges)-(electricity on the coast).
The function we shall maximize is the annual profit *
pft = bnft - cst = x Ey- 6 eff(k ) - L C
p t 10
*(before deduction of the equivalent annual fixed costs).
Dividing both sides by (x Ey ), we do not change the optimality
results. Our criterion will thus be
eff(k p) - Lt C / (10-Ey-x-)
Let us define the new parameter Q
C
(31) Q = 10 Yy x
To assess a value to Q, we must use some economic data, and some
assumptions. For each variable, we shall try to give a range of
values rather than a fixed one.
x will be between 2 cents/kW hr and 10 cents/kW hr (increase
of the price of energy due to the depletion of fossile fuels).
Ey can vary between 10,000 kW hr/ft of wavecrest (East Coast)
and 30,000 kW hr/ft (North Bend, Oregon) (ref [11.H]).
6 is at least .6 and up to .8
C will be of the order of $250 /sq. ft. for a prototype
and costs might go down to $ 25/sq. ft. if these rafts were mass-
produced (ref [11.I] p. 29).
Thus Q lies between two extreme values.
10-3 ft~1 <Q< .21 ft~1
We shall investigate the effects of the variation of the
important parameter Q in the case of a 3 raft-train and use the
optimistic value Q = .0025 for the other cases.
We have now defined the four different optimality criteria
and justified the scheme of the study of "optimal rafts" proposed
in (e.1) , (e.2) , (e.3 - 5), (e.4 - 6).
This is summarized in Fig. 18.
LT is the total length of the train of rafts
Q is the economic parameter (equation 34)
e.1 maximize eff(K)
2N-2 independent variables
l''*.9 N-1,a2''''. N)
LT fixed Q fixed
sharp sectrum 2
LT fixed .A
e.3.5 maximize <eff>
2N-2 independent variables
(Z , 1..., N-1, (X2''' 0.CN
7 Q fixed
e.4.6 maximize <eff>- QLT
2N-1 independent variables
l N N, 2,... aN
Fig. 18: Summary of the Different Optimisation Criteria Used
e.2 maximize eff(KP )-QLT
2N-1 independent variables
(l' ' N-l' ZN' a2... aN
II.g. Optimisation Program
Our problem is then one of classical nonlinear optimisation: we
have to find a set of values of the parameters that maximizes the
objective function (eff, <eff> , etc.). It seems hard to assess a
priori any convexity properties to that function, and the existence
of local maxima is not impossible.
However, a method of optimal gradient path has been successfully
tested, and we shall briefly discuss it. See reference [7] for more
details.
If f(x) is a function of a vector x, where x is taken in a space
of dimension n, it is ?ossible to define, for all x0, the vectorial
function grad f =
xi x
0
The method of optimal gradient (or steepest gradient method) is an iter-
ative method that can be used to reach in an iterative way the
maximum of a function. At each step, the vector x is increased by an
increment dx0 so that dx = X(grad f) .
o o xo
The parameter X can be chosen either as X = value of X that
maximizes f(x + X (grad f) ) (method of steepest gradient) or as
o xo
C X where C is a relatation coefficient improving the convergence of
the iterative procedure (relaxed steepest gradient).
The interest of such a coefficient can be briefly described as
follows. For a very small increment e, the path between x0 and x +
£ (grad f) xo is indeed along the steepest gradient of the function f.
However, between x + (X - e)(grad f) X and x0 + X 0 (grad f) xo the
path is still along (grad f) X while the steepest gradient is -
(g~rad f)x+(A-)(rdf
xo
g xo + ( ) -)(grad f )
Thus the last fifth (for example) of X0 brings a smaller increase
of f than the first one. In many cases it is thus more interesting to stop
the progression before X and increase x0  only by CA (grad f) 9.
Examples are given in [6]. The total number of steps is generally decreased.
In our case, we find by experiments that a coefficient C of .8 gives
a good rate of convergence. The gradient of eff is computed with a Taylor
approximation:
f(x + 6x.) - f(x )
an= 6x.
- xo 1
and scaled so that its euclidian norm is always 1. To improve the convergence,
the variables are also scaled differently so that they appear to be of equal
importance in the objective function. The method is summarized in graph 19.
Two tests, which are not on the graph, can stop the algorithm. The
first one is a test over the norm of (grad eff) X : if
2N-2 2
-2< I the optimisation stops and keeps x0 as the
. &x
optimal set of parameters. The second test checks the possibility of
reaching a point from which no higher value of the objective function
can be reached with the chosen vector pas. This does not always mean
n = n + 1
x 2= Xo + n *gr * pas
f(x2 )-f(x 1 ) > 0 Yes x1 = x2
No
x0 = x0 + c * n * gr * pas
Note: gr * pas = gr(i) * pas(i) and the result is a vector
Graph 19 Optimisation Scheme
choice of starting vector xo
choice of progression steps pas(i)
choice of relaxation coefficient c
si
x =x0
gr (grad eff)x
0
'j =0
that the optimum lies within a ||pas I distance. However, this test is
necessary to avoid infinite loops in the program.
The final procedure used is then:
1. Choice of a progression vector increment (pas) and a starting
vector x0 .
2. Run of the program. An approximation x1 of the optimal solution
is obtained.
3. Decrease the progression vector increment (generally by a
factor 10) using x1 as the new starting vector x0 .
4. Repeat the 2-3 steps until a good stability of the optimal solution
is reached, and the gradient vector is small before normalisation.
The accuracy obtained is quite good. For the case of three rafts,
the relative error is of the order of 10-3 on the objective functions.
That is to say the maximum of the objective function lies within a 0.001
range of our results. For the more expensive case of 4,5,6 rafts the
relative error is of the order of 510-3 or less. This difference
can be explained by the length of the convergence process when a high
value of the objective function is reached. This function presents then
a very flat response over a broad domain of the input variables (see Table
10 page 105), andimproving the criterion becomes lengthy and costly.
The higher the number of rafts, the lengthier the computations. For
these reasons, we stopped the programs before reading the 10-3 precision.
The following paragraphs present the results of these computations and
the conclusions ;that can be drawn from them.
Chapter III Results and Interpretation for a Train of Three Rafts
This section will be divided into two parts. The first part will
describe the results of the 6 optimisations described in Section II.e.
In the second part we shall perform a sensitivity analysis, investigating
the effects on the behavior of the rafts of variations of some of the most
important parameters.
III.a. General Scheme
The results of the six optimisation programs are given in Table 1 to 6
and Fig. I-1 to 1-6. Since the total length is unknown a priori, it
is convenient to use a normalizing length L equal to the depth H.
The two peak frequency optimisations (e.1 and e.2) give very different
results: compare Table 1 and 2 and Fig. I.1 and 1.2. When the cost constraint
is not introduced (e.1), the optimum efficiency is high (96.7%) and the
rafts have increasing lengths: Z1 < A2 < Z3. Moreover, almost all the
energy is extracted at the first hinge (96% of the total energy extracted).
The third rafts behave more as a vertical mooring than a rocking float.
If we introduce the cost of the length of the rafts, that is to say
optimize eff(Kp) - QLT instead of eff(Kp), the efficiency at K decreases
to 81%, and the lengths of the three rafts are curiously distributed: see
Table 11-2. It appears that an optimum train is formed by two short rafts
(approximately 1/3 of the incoming wave length) hinged at the two ends
of a longer one ( 2/3 of a wave length). The two extraction rates are
very similar, and a reasonable percentage of the extracted energy comes
from the second hinge (12%).
This rather unexpected shape is thus more cost-efficient than the
one given by Table 1. This is the one to choose for a raft designed to
extract energy of waves when the energy spectrum has a sharp peak.
The two following optimizations used a flat spectrum in the scheme
of (e.3)and (e.4). Their results (table 3 and 4 and Fig. 1-3 and 1-4)
give the characteristics of optimum rafts when the optimalitry criterion
is <eff> or <eff> - Q LT'
These results are very encouraging: if we compare Fig. 1-3 and
Fig. 20, we see that it is possible to design a raft whose efficiency is
very close to the max possible efficiency for a wide range of incoming
frequencies. Moreover, <eff> reaches a very high value (96%) for an
interval [k , 2k ], that is to say, the efficiency curve is very flat.
Again, two different shapes are possible. Increasing lengths
(and high total length) produce optimum rafts if the cost is disregarded.
However, the economic constraints "shrink" the second and third rafts to
give a more cost efficient shape.
The last two optimisations use a double peaked spectrum (Fig. 16)
in a (e.3)-(e.4) scheme. Here again, the results vary greatly when
economic constraints are added. The fixed length optimisation gives
a good average efficiency of 86%. The lengths of the rafts are very
different. Obviously, the first short raft is tuned to produce energy
on the short waves peak, and the two following long rafts account for
a good part of the efficiency at lower incoming frequencies.
However, when the cost of the length of the rafts is introduced,
the shape of the efficiency curve of the optimal raft is totally shifted
to the right, towards the short wave peak. This clearly shows that it
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Fiq. I-l Fixed Total Length, Peak Frequency Optimisation: (e.1)
rafts -- K-- 4 rafts (& 5 rafts)
4
I/x
eff
-I
.51
-- FX- 3
L = H = 30 ft.
= 450 ft.
A = 1 ft.= 5.52sp
A = 171 ft.p
3 rafts
Dimensional Dimensionless
4 rafts
Dimens ionles s
5 rafts
Dimens ionles s
2 54.8 ft 1.828 1.8226 1.8242
2'2 171.2 ft 5.708 5.9899 5.8295
23 224. ft 7.464 4.8379 4.9256
24 2.3502 1.5385
z 5 .8823
a 2  1.125 106 lbs 0.6704 .667 .6497
CL3  4.036 106 lbs 2.406 1.149 1.078
a14 .9793 1.0361
.4009
fff(Ky) .9667 .9667 .9823 .9826
lr 21 1,178 lb/ft 2 .6102 .615 .601
r3| 1,105 lb/ft2 .5725 .465 .472
Ir | .139 .143
Ir5 .036
161 - 621 .033 rad 1.07 1.07 1.09
l02 - 03 .003 rad .12 .144 .148
3 - 041 .129 .126
11 4 - e65 .029
%of energy
extracted 96% 96% 95% 95%
at node 2_
Table 1: Results of the (e.1) Optimisations
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Fig. 1-2 Economic Constraints. Peak Frequency Optimisation e.2
3 and 4 rafts Efficiency Curye
eff
A = 1 ft.L = H = 30 ft.
LT = variable = 171 ft. Q = .0025 ft.
3 rafts
Dimensional
48,. ft
115.8 ft
50.4 ft
214. ft
4.51 10 5
7.93 10 5
Dimensionless
1.60
3.86
1.68
7.14
lbs
lbs
.269
.473
4 rafts
Dimensionless
1.60
3.91
1.62
.0001
7.13
.272
.441
.00022
eff(KY.) .806 .806 .813
eff(KP) - .271 .271 .271
QLT 
_
Ir21 629 lb/ft .326 .327
1r31 480 lb/ft 2 .248 .244
Ir r4  .00002
1 -Q21 .049 rad 1.48 1.47
e2"e3I .013 rad .40 .41
a3- e .0002
% of energy
extracted 89% 89% 89%
at node 2
Table 2: Results of the (e.2) Optimisations
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eff
3 rafts
4 rafts
5 rafts
2.
Optimisati-ons
.X 
. X.X .'-X
----
x----
L = H = 30 ft.
LT = 450 ft.
s(k) given by Fig. 17
A = 1 ft.
Dimensional Dimensionless Dimensionless Dimensionless
k 1 40.8 ft. 1.36 1.56 .88
2 171.7 ft. 5.72 7.08 2.52
3 237.5 ft. 7.92 3.78 4.77
2.57 4.55
z5 2.28
a 5.31 106 lbs .317 .508 .0333
a 2.6 106 lbs 1.550 1.551 1.613
* 4  .931 .177
5 .986
<eff> .960 .960 .967 .983
Table 3: Results of (e.3) Optimisations
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Fig. 1-4 Flat Spectrum. Optimisation over <eff>
-
QLT; (e.4)
Efficiency Curves for 3 and 4 rafts
eff
k2
L = H = 30 ft.
LT = variable
s(k) given by Fig. 17
A = 1 ft.
Q = .0025 ft1
3 rafts
Dimensional Dimensionless
T
4 rafts
Dimensionless
5 rafts
Dimensionless
z1 39.5 ft, 1.32 .89 .76
Z-2 110.2 ft 3.67 1.39 1.06
z3 48.7 ft 1.62 2.86 2.43
z4 1.49 1.32
z5 .97
a 2  2.61 105 lbs .156 .069 .057
a 3  6.56 105 lbs .391 .820 .475
4  .308 1.153
a 5  .191
<eff> -792 .792 .793 .795
<eff>-QLT .296 .296 .302 .304
I t I ________________
Table 4: Results of (e.4) Optimisations
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Fig. 1-5 Double Peaked Spectrum. Optimisations of <eff>
Efficiency Curves for 3 and 4 rafts: (e.5) Optimisations
eff
s~h) given by Fig, 16
L T= 450 ft. A = 1 ft,
I I.
3 rafts
Dimensional Dimensionless
4 rafts
Dimensionless
z1 19.6 ft .65 .43
z2 208.2 ft 6.94 3.63
z3 222.2 ft 7.41 3.49
z 4 7.44
a2 5.35 104 lbs .032 .0048
a3 3.26 10 lbs 19.5 1.553
.4  1.865
<eff> .864 .864 .876
Table 5: Results of (e.5) Optimisations
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4 9
I.-
.8
.7 -
.6-
.5
s (k
.4a
/
x
xx
/ X / N N N
.6 1. 1.4 1.8 2.2 2.6 3. 3.4 3.8 4.2
Fig. 1-6 Double Peaked Spectrum. Optimisation of <eff> QLT
Optimum Trains of 3 Rafts (-X-) and 4 rafts ( - -X- -) for (e.6) Optimisations
ef f
s(h) given by Fig. 16L = H = 30 ft
LT= Variable
3 rafts
Dimensional Dimensionless
4 rafts
Dimensionless
Z 13.6 ft .45 .45
2 79.4 ft 2.65 1.04
3 .6 ft .02 
.79
z .964
a 4.85 104 lbs .0030 .0032
3 5.08 106 lbs .30 
1.57
1.73
<eff> .564 .564 .576
.330 .330 .333
Table 6: Results of (e.6) Optimisations
A = 1 ft
<eff -QLT>
J
Q=.0025 ft -
is not economically interesting to try to extract energy from the long
waves of the spectrum. Moreover, the length of the third raft in Table 6
is so small that we can reasonably assume that the effect of node 3 is
negligible - for short waves, if the spectrum is single peaked, two rafts
are enough.
III.b Sensitivity Analysis and Checks of the Program
We have grouped in this paragraph various checks performed in
the three rafts case. We did not compute all the corresponding problems
for 4, 5 and 6 rafts, but we believe that the following results can be
easily transposed to these cases.
III,b.1 Maximum Efficiency Curves
We give in Fig. 20 the maximum efficiency curve. It represents,
for given ratios H/Ltot and KPH the maximum efficiency that any raft
could achieve. In fact, it is the envelope of the efficiency curve of
optimum rafts. We simply plot five of these curves - for KPH = .4, .7,
1.1, 1.5 and 1.8 (corresponds to k = 2, 3.5, 5.5, 7.5, 9 if L = Lav).
The maximum efficiency furve is not added on the figure for
clarity; however, its shape appears clearly, as the envelope of the curves
drawn. Table 7 gives the characteristic parameters of the optimum rafts.
If we compare Fig. 1-3 and 20 we see that the train of 3 rafts
given by Table 3 has a behavior that is very close to the optimal one
over a large range of incoming frequencies. This shows again the validity
of a "flat spectrum criterion" in the optimization program.
We have also investigated the effect of a reduction of the water
depth by a factor 2. Fig. 21 and Table 8 summarize the results. The
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k = 3.5
p
Train 3
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p
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Train 4
k = 7.5
p
Train
k = 9
p
= LI/L .794 .535 .356 .249 .182
= L /L 1.437 1.533 1.148 1.246 1.248
2 2 av
= L 3 /L .769 0.931 1.496 1.505 1.570
a2 .0176 .00506 .00100 .000371 
.000133
3 .02902 .03105 .00400 .00386 
.00221
efficiency .558 .896 .966 .986 .991
at k
p
% of energy
extracted 84% 88% 95% 98% 99%
at node 2
Table 7: Description of the Trains of Rafts of Fig. 20
Optimal Trains for Different k in a (e.1) Optimisation
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Fiq,
k
21 Maximum Efficiency Curve; H/Lv .1
3 and d = 0.1 * h with L F L
av
Y 1 7
Train 1
k = 2.
Train 2
k = 3.5
Train 3
k -5.5
Train 4
kn= 7.5
k= L /L'av .792 .548 .381 
.274
92 = L2 /Lav 1.447 1.563 1,144 1,246
23 = L 3/L'av .761 .889 1,475 1,479
a2 0.0176 .00525 .00124 
5.22 10
0.0282 .0243 .00429 3.9 10
efficiency .555 .895 .964 .984
at k
p
% of energy
extraction 82% 88% 95% 98%
at node 2
Table 8: Description of the Trains of Rafts of Fig. 21
Optimal Trains for Different k in a (e.1) Optimisation
differences are very small, and induce us to think that the depth has
a small influence on the behavior of the rafts, at least as long as the
shallow water theory is valid.
III.b.2 Influence of the Economic Parameter Q
We have investigated, for the peak frequency optimality criterion,
the effects of variations of Q on the optimal solutions.
Table 9 and Fig. 22 summarize the results.
As the factor Q increases the relative shape of the rafts remains
the same, but the total length decreases, as the efficiency at K and
the benefit before deduction of fixed costs. The fact that the peak
efficiency of the optimal rafts is shifted to higher frequencies clearly
shows the influence of the total length of a train of rafts over the
frequency response.
We see also that for a factor Q equal to 5, it is not worth building
such a device since even before taking the fixed costs into account,
there is a loss: eff(KY.) - LT = -.20. This result is of course valid
only for K H = 1.1 and LT/H = 15. However, it gives a very quick way
to check the general interest of such a device (a factor Q of 100 for
example definitely rules out the economic feasibility of the project).
III.b.3 Comparision With Salter's Cam and Uniform Trains
In order to assess the interest of optimum trains, we compare the
efficiency curves of our optimum train of 3 rafts (Table 1), Salter's cam
as described in Ref. [6], and "uniform" trains where the three lengths
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p 1*
Q = 0.001 Q = 0.0025 Q = 0.005
t 1.6875 1.59577 1.48816
2 5.68933 3,84635 2.92351
k 3 1.8342 1.69347 1.27941
a 2  .46582 .26805 
.17696,
a3  .69493 
.48378 .23989
eff(k ) .9045 .64882 .80609
eff-QLT .62826 .270922 -.204842
Effect of Variations of Q on Optimum Rafts
Table 9: Parameters of Fig. 22 Rafts
are the same, as the two extraction rates. Fig. 23 gives these curves.
Train 2 is the train of three rafts of Table 1. Train 1 is the uniform
train of total length equal to train2 (450 ft. for example) which has
the highest maximum efficiency (70%). The length of each of the three
rafts is 150 ft., and the extraction rate 1.57 107 lb.fts. Train 3
is the uniform train of total length 225 ft. which has the highest
maximum efficiency (69.5%). The extraction rates are equal to 8.9 105
lb. fts. in this case. Salter's cam has a diameter of 15 ft. Damping
and moment of inertia are adjusted so that the efficiency is maximum
(100%) for k = 5.7.
All the figures are given for a depth of 30 ft., and the characteristic
length scale is L = L = 150 ft. We see that the train of rafts
av
are more efficient at low frequencies than Salter's Cam, and that their
response curve is much broader. However, Salter's cam efficiency curve
has been obtained for a non shallow depth, the comparison is only tentative.
Again the influence of the length of the first raft on the response
curve appears clearly, since train 1 response curve is shifted to the left
of train 2 and 3 curves. And these last two trains of rafts reach their
peak efficiency approximately for the same frequency (k \ 6) with similar
first raft lengths = 53 ft. and 75 ft. However, uniform trains do not
reach an efficiency higher than 70% and are clearly outperformed by op-
timized trains (.compare the two train 1 curves of Figs. 20 and 23).
III.b.4 Forces and Displacements
We studied the forces at the hinges, the instantaneous and averaged
horizontal hydrodynamic force, and the displacements of the rafts - Fig.
T if H=30ft
20s 10s 8s 6s 5s 4s 3s
cam
p.251
1 2 3 4 5 6 7 8 9 10
k=Kx 150 ft
Comparison with Salter's cam and Uniform Rafts
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eff
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24 shows the variation of the forces at hinges 2 and 3 of the 3 rafts
train given by Table I as k varies. We recall that F = pgAL f and that
here L = H. This would give for a 30 ft. depth and the ratio L /H = 5
av
a force of 1,160 lb. f./ft. of width x ft. of incident wave amplitude.
Or 5.7 T/m width x m of wave amplitude. We see also that this force
remains almost constant for wavenumbers of .6 and higher. We have computed
these forces for all the optimal rafts, and they were never greater
than .7 (or 6.6 T/m2 in our example). This is very encouraging since
good bearings could easily carry these loads, and with this device we
can avoid the structural problems inherent to Salter's Cam (fixed axis of
rotation).
For the same train (Table 1), the dimensional resisting moment at
node L is 5.3kNm/m of width x m of wave amplitude. Again, it is easy
to design rafts that could withstand such moments.
Angular displacements are small, of the order of .04 rad.for the
fitst node and much smaller for the following ones. It was possible
to forecast this result since the linearized wave theory carries the
assumption A/A << 1, that is to say that the curvature of the free surface
is small. It appears then that particular attention must be paid in the
design of the (possibly hydraulic) energy extracting engines, since they
should be able to produce energy with small angular displacements. However
actual short waves are often nonlinear, with a ratio A/A higher than .1,
and much higher displacements could then be obtained.
The variation of the relative angular displacements (between raft
1 and 2, and raft 2 and 3) is plotted in Fig. 2a for the 3 rafts train of
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Table I. The peaks of the two curves are not at the same frequency,
showing clearly that the two hinges act on different wavelengths.
The dimensionless estimated average horizontal force is of the
order of 1, and so is the second harmonic force. Thus the actual forces
are of the order of pgA2 in our case, that is to say 65 lb./ft. of
2
width x ft. of wave amplitude. This is obviously very small. Friction,
nonlinear effects and hydrodynamic pressure on the front end of the train
of rafts would increase the actual forces on the moorings.
III.b.5 Tests of the Program
A few checks of the consistency of the results obtained (inside
the shallow water theory) are performed.
Comparison with Chapter I. It is possible to verify that the
results of Chapter I can be obtained by taking a very long second raft
Cacts as a vertical wall). Fig. 17 page 68 plots the efficiency curve
of such a train of rafts when at2 and 91 take the optimal value of Chapter I.
This shows moreover the possibility of an optimum of 100% when the total
length goes to infinity, justifying the necessity of economic constraints
to determine optima when the total length is not fixed.
Scattering and Radiation Properties. We have checked that, for the
scattering problem, we have R2 + T2 = 1 (the incoming energy is
transmitted or reflected). And we have also verified that, in the behavior
of optimum rafts, R2 + T2 + eff = 1. That is to say, the energy
extracted, plus the energy transmitted and reflected, is equal to the
incoming energy.
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Those checks have been performed for different rafts and different
incoming frequencies. Since no changes have been made afterwards on the
purely hydrodynamic problem, it is reasonable to assume that these
equalities are valid for all our results.
Properties of the Optimality Criterion. The convergence of our
optimisations was sometimes very slow. This can be explained by the flatnes
of the function eff (2, 22 a ''' N). In other words,
1 1129 -- '2N-112
there are large domains of the R2N-2 space where the function eff is
almost stationary (around its optimum) - this is shown by Table 10.
Note a.3 varies by a factor 4 and the relative change in eff is of the
order of 5 10~4. This flatness of the efficiency curve is obviously a
disadvantage for a gradient search optimisation and accounts for the lower
precision of our results in the 4.5.6 rafts cases.
III.c. Conclusions
It is now possible to make a partial summary of the data obtained.
The first point is that within the shallow water theory, the 3 rafts
train appears to have an excellent behavior: high efficiency over a broad
range of frequencies, possibility to tailor the lengths and extraction rates
to fit the wave spectrum, economic feasibility in optimistic conditions.
However, the total length of the train must equal about two wave
lengths to reach more than 85% of efficiency, and economic considerations
subsequently rule out the possibility of extracting the energy of long waves.
For a sharp spectrum, the most cost efficient shape of the train seems
to be 1:2:1 where the total length is equal to 4/3 of a wavelength, when
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Depth = 30 ft
Total length of the train of 3 rafts = 450 ft
Efficiency maximized at T = 5.516 s
105
Eff .9662 .9667 .9665
L ft 55.8 54.8 53.9
L2 ft 170.6 171.2 172.2
L3 ft 223.6 229. 224.4
a2 lbs 1.174 106 1.125 106 1.046 106
a3 lbs 1.048 106 4.036 106 4.194 106
Table 10: Small Variations of eff Over a Larger Domain of (L., ai.)
Q takes the value 0.0025.
Present technology can easily deal with the forces at the hinges and
the mooring system has to undergo second order forces only.
The only technological problem seems to be the smallness of angular
displacements. If no efficient way is found to extract energy from small
displacements of stiff hinges, a 2 rafts train shape might prove to be more
cost efficient. See Fig. 24 giving the fraction of recovered energy extracted
at the two hinges (node 2 and node 3).
We shall now study the 4.5.6 rafts case and investigate the marginal
interest of one or more hinges in a train of floating rafts.
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Chapter IV Train of N Rafts With N > 3: Results and Interpretation
IV.a.. Peak Frequency Optimisations.
We keep the same total length of the train of rafts as in Chapter III,
and perform the optimisation of eff(kp) for kP = 1.1. Fig. I-1 and
Table 1 give the results obtained. The increase of efficiency is very
small (less than 2%) between 3 and 4 rafts, and negligible between 4 and 5.
This shows that it is not worth designing four (or more) rafts trains for
sharp spectra.
If we introduce the cost constraints, the length of the fourth raft
goes to 0 and we find the same optimum characteristics as for the three
rafts corresponding optimisation - Fig. 1-2 and Table 2.
Once more, we prove that adding a fourth raft is useless to absorb
energy from a single peaked spectrum.
IV.b. Flat Spectrum Optimisations.
We optimise the average efficiency <eff> when s(k) is a flat spectrum.
The difference 3.4.5 rafts appears clearly on Fig. 1-3. The higher the
number of rafts, the better the flexibility: the 5 rafts train has a very
flat response curve located exactly over the flat spectrum. And the minimum
efficiency over that range is 90% (longer waves). Table 3 gives the value
of the lengths and extraction rate of the optimal rafts.
When the cost constraints are introduced, we show that increasing the
number of raft almost does not increase the optimisation criterion <eff>- QL
(a 6% increase only form 3 to 4 rafts). This shows that for a flat spectrum
on [k0 , 2ko], 3 rafts are enough when economical constraints are introduced.
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IV.c. Double Peaked Spectrum Optimisations.
Fig. 1-5 presents the efficiency curve of the optimal 4 rafts train.
We clearly see that 4 rafts bring an increasing flexibility for the
adaptation of the efficiency curve to the incoming spectrum. The two
peaks of the response curve correspond to the two peaks of the incoming
wave spectrum, and the average efficiency is 88%, amazingly high for such
a wide spectrum. The different hinges extract energy from different
frequencies and that is how such a good fit can be obtained with the
incoming wave spectrum. We can note also that between k = .8 and k = 3.6
the efficiency is greater than 80%, which is a remarkably high power band
for such a wide spectrum (wider than [k , 4k 1.
When the cost constraints are added (e.6. optimisation scheme) the long
waves peak is neglected (it does not contain enough energy to justify
the increase of length needed to absorb this energy) and we are in the
situation of a single sharp peak spectrum, very similar to (e.2). The
results are the same; it is not worth adding a fourth raft: neither the
efficiency curve (Fig. 1-6) nor the optimality criterion <eff> - QLT
(Table 6) show a good increase.
IV.d Conclusions.
At the end of the shallow water theory investigation, it is possible
to draw some conclusions relative to the behavior of trains of hinged rafts.
The efficiency curve of this device present very good features -
broadness, high maximum, possibility to adapt it to various incoming waves
spectra. It is moreover rather insensitive to variations of depth and
reasonable variations of the extraction rates.
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The optimum number of rafts when economic considerations are
introduced lies between 2 and 4, depending on the broadness of the range
of wave numbers over which energy should be extracted. Three rafts are
enough for [k , 2k ] spectra (and four for [k9, 4k 1).
All the forces computed are reasonable, and there should be no
technological problem in the design of the rafts and the bearings at
the hinges.
However, some attention should be paid in the design of energy
extractors which could function for small angular displacements, and yet
stand the high forces developed by storm waves.
All these results are very encouraging, and compare favorably with
the theoretical features of another energy extracting device whose
characteristics have been extensively studied - Salter's Cam. However
Ref. 16] gives deep water results, and to compare correctly the two
devices, we have to check the behavior of our optimal trains in deep water.
This is done in the following chapter.
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Chapter V Three Rafts in Deep Water
If the shallow water assumptions are no longer satisfied, we have
to solve the Laplace Equation (7 2 = 0) with appropriate boundary
conditions in order to obtain the radiation and scattering potentials.
This is rather difficult to do analytically.
Fortunately, we can use a hybrid element program developed by Mei
and Mynett (Ref. [4]) to solve approximately the exact problem. However,
this program (or any numerical program) is very tedious for the purposes
of optimisation. We therefore use it only to investigate the behavior
of the three rafts train of Table 1 in deep water. We shall first
describe briefly the program used, and then study the results obtained.
V.a Description of the Method.
The 2-D hybrid element program used solves the exact scattering and
radiation problems and gives the hydrodynamic forces and moments on each
raft due to each of the potentials (scattering, radiation 1,2,3,4). These
forces are then introduced in the dynamic equations of Chapter II and
the same program solves the linear system. The displacements and nodal
forces are thus obtained, and the efficiency can be found.
Since the geometry is fixed, the raft lengths are no longer variable
parameters in the optimization. We first solve the scattering and radiation
problems with the hybrid element method. Once these results are obtained,
it is possible to perform a limited optimisation (on the extraction rates
only) to adjust the efficiency curve. This is what we do in the next
paragraph.
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z 1.75 .4375
z2 5.75 1.4375
k3 7.5 1.875
a2 .67 .005239
a3 2.4 .01875
Table 11: Parameters of Trains of Fig. 25
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Train 3Train 2Train 1
k .4375 .4375 .4375
k2 1.4375 1.4375 1.4375
k3 1.875 1.875 1.875
a .005234 .003 .0033
a3 .01875 106 .03
Table 12: Parameters of Trains of Fig. 26
Train 1 Train 2
V.b. Results and Interpretation.
We first check the validity of our shallow-water results. For this,
we use the hybrid element program to study the behavior of the three
rafts train described in Table 1. Fig. 25 allows us to compare the
results with the ones predicted by Chapter II. The difference for small
kh (of the order of 5%) could be explained by the fact that the shallow water
program uses the approximation h/(h-d) = 1, where h/(h-d) = 1.1. And
indeed if we use the hybrid element program with a very small draft
(h/(h-d)= 1.01) the hydrodynamic forces of the two programs differ only
of 3% for small kh (of the order of .2).
The most important result is that for kh varying between .6 and 2.,
there is an excellent agreement between the two theories (less than 5%
difference), although the assumptions of the shallow water theory (kh <<1)
are obviously not satisfied.
Even more surprisingly, if we study the behavior of the same train
of rafts in a depth equal to four times the initial depth (H = 120 ft. for
our dimensional results), with the hybrid element program, we see that
the efficiency curves are still very similar (Fig. 25). This proves
that the depth has a small influence on the behavior of the rafts as a
function ,of the wave number.
However, same wave numbers in shallow and deep water correspond
to similar wave lengths but to different periods. And if we assume
that the optimal extraction rates are functions of the period of the
incoming waves, we can deduce that the extraction rates of the optimal
shallow water raft are not optimal for the deep water case. Fig. 26
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shows how by changing the extraction rates it is possible to improve
the efficiency curve of the raft studied. Table 12 gives the values of
the parameters describing the rafts of Fig. 26.
We investigate also the horizontal forces in the deep water case.
The zeroth and second harmonic forces due to the hydrodynamic pressure
under the rafts are of the same order of magnitude as in Chapter III.
The f.s are of the order of 1, that is to say the dimensional forces
2
are of the order of ogA2. Fig. 27 compares the shallow water and nonshallow
water results for trains 1 and 2 of Table 11. This is in fact the same
train in different depths, which explains the variations of the dimensionless
parameters Z , 29 3a 2,a 3. The negative part of Fig. 27 cannot be
explained. The trains would have a forward swimming motion at some incoming
frequencies?
The zeroth order force would result in a drift of the rafts if
a mooring system was not counter acting it. However, such a force is
within the range of present mooring technology and the horizontal stability
does not seem to be a technical problem at this stage of the study.
Finally we investigated the first harmonic horizontal force due to
the finite draft in deep water. For k = 4.4 we find ft = .1, that is
to say F = pgAH/10.
Since H = 120 ft., this force is 12 times higher than the ones
due to the pressure under the rafts. In dimensional units, this would
correspond to 772 lb/ft. width x ft. of wave amplitude. However, for 10 ft.
of wave amplitude, this force is only increased 10 times (linear in A) while
the horizontal forces.due to pressure under the rafts are increased by a
factor 100, and become comparable to the force due to the finite draft.
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V.c. Conclusions
This brief deep water investigation brings important results, and
a few explanatory remarks can be done.
It appears that the water depth has a very small influence on the
behavior of the trains of rafts. This justifies the results of Chapter
III when the shallow water assumptions were not perfectly satisfied.
However, it appears that, if the lengths of the rafts given by the
optimisation programs of Chapter II seem to remain optimal in deep water,
the extraction rates must be adjusted to obtain the same high efficiencies
for the same wavelengths.
We can thus draw the following tentative conclusions. The optimal
lengths of the rafts are only functions of the undisturbed free surface
profile, hence the incoming wavelength.
The optimal extraction rates vary with the water depth, possibly
because they depend upon 0, which is linked to the waterdepth via the
dispersion relationship for fixed k. It appears that these extraction
rates must be decreased when h is increased: see Fig. 27.
But if we recall that the behavior of the device is not very sensitive
to the a . (higher ones introduce smaller displacements and lower ones
higher displacements but the produce a a 2j remains reasonably constant,
and so does the efficiency) we can understand why the efficiency curves
do not vary very much with water depth (Fig. 25).
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General Conclusions
We have in this study designed a program which gives optimal
trains of rafts for given incoming spectra, water depth and economic
constraints.
Applying this program to some particular cases, we have investigated
the behavior of floating hinged rafts as a wave energy extracting device.
The results show that a very good efficiency response can be obtained
for three rafts trains, that the behavior of the rafts as a function of
the incoming wavelength is not very much affected by the depth, and that
no important technological problem would appear in the design of such a
device.
We have shown also that economic considerations were necessary to
perform any optimisation over the important parameters of the device,
and we have introduced general optimality criteria which could be used
to assess the value of any wave energy extracting device.
Comparing the behavior of such trains of rafts with Salter's cam,
we have shown two major improvements: the efficiency curve is broader,
and more easy to fit to the incoming wave spectrum, and no important
structure is needed to support such a device.
However, a thorough economic study should be performed to assess
the validity of these trains of rafts as a new way to produee energy.
This study should take into consideration the fact that such trains of
rafts could also be used as (temporary) breakwaters; tugged to the points
of the coast where calm water is needed (pier failure,oilspill) they could
be anchored and reduce greatly the wave motion behind them
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Further hydrodynamic study must involve the three dimensionality
of the actual phenomenon, and determine if wide rafts would not be less
efficient than a series of thin parallel rafts.
Mddel testing is already performed in England where considerable
interest in aroused by wave energy. Without any doubt, this topic
will be the object of much attention in the future.
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